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Abstract: Weak convergence of the stochastic evolutionary system 
to the average evolutionary system is proved. The method proposed by 
R.Liptser in [4] for semimartingales is used. But we apply a solution of 
singular perturbation problem instead of ergodic theorem. 
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Many authors studied the problems of weak convergence for different 
\q ! classes of stochastic processes (see [1-7]). The methods used are also 
different and depend on the process studied: ergodic theorems, relative 
compactness, martingales, etc. 

We propose to study a stochastic evolutionary system by a combination 
of two methods. The method proposed by R.Liptser in [4] for semimartingales 
is combined with a solution of singular perturbation problem instead of 
ergodic theorem. We use 

Theorem [1]. Let the following conditions hold for a family of Markov 
processes £, £ (t),t > 0, e > 0: 

CI: There exists a family of test functions (p £ (u,x) in Co(R d X E), 
such that 

lim(^ e (w, x) = (p(u), 

uniformly on u, x. 

C2: The following convergence holds 

limL £ (^ e (w, x) = 1L(p(u), 

uniformly on u,x. The family of functions L, £ (p £ , e > is uniformly 
bounded, andL,ip(u) andU(p £ belong to C(M. d x E). 
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C3: The quadratic characteristics of the martingales that characterize 
a coupled Markov process £ £ (£), x £ {t), t > 0, e > have the representation 
< ff > t = J *£ e (s)ds, where the random functions ( £ ,e > 0, satisfy the 
condition 

sup E|C e (s)| < c < +oo. 

o<s<r 

C4-' The convergence of the initial values holds and 

supE|C e (0)| < C < +oo. 

£>0 

Then the weak convergence 

f(*)=K(f),e-0, 

takes place. 

The evolutionary system we are going to study is constructed in 
such a way that the conditions CI, C2 are satisfied as a result of 
solution of singularly perturbation problem for the system. To verify 
the conditions C3, C4 we use the method proposed in [4] extending 
Bogolubov averaging principle for discontinuous semimartingales. 

Really, we study a stochastic evolutionary system with the switching 
ergodic Markov process 

du £ t /dt = b(u £ t ;dd(t/£)), (1) 

U £ = U. 

The switching Markov process se(i),t > on the standard (Polish) 
phase space (E, S) is defined by the generator 

Q<p{x) = J Q{x,dy)[<p(y)-<p(x)], 

E 

where 

Q(x,dy) = q{x)P{x,dy). 
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The stationary distribution 7r(dx) of the egrodic process defines the 
projector 

E 

We also define a potential Rq that is, for ergodic Markov process with 
generator Q and semigroup P^, t > 0, a bounded operator 

oo 



Ro = J (P t - n)dt, 





QR = R Q = U-I. 

The velocity function b(u; x), u G x £ E provides a global solution 
of the deterministic equations 

du x (t)/dt = b(u x (t); x), u x (0) = u,x G E. 

Markov process u^ee £ (t) := se(t/e),t > can be characterized by 
the generator [1, Proposition 3.3] 

h £ p{u;x) = [£- l Q + B(x)]y(u;x), (2) 

where the generator M(x)(p(u) = b(u; x)(p'(u). 

It follows from Proposition 5.6 [1] that the solution of the singular 
perturbation problem for the generator (2) is given by the relation 

L e </0; x) = Mip(u) + e0 e (x)ip(u) (3) 

on the functions (p £ (u] x) = (p(u) + £ipi(u; x) with ip(u) G C^W 1 ). 

Thus, we see from (3) that the solution of singularly perturbation 
problem for L £ , (p £ (u; x) satisfies the conditions CI, C2. 

The operator 



[u] = b(u)(f'(u),b(u) = J 7i(dx)b(u;x). 

E 

The term 6 £ {x) = M(x)R M(x), M(x) := B(x)-B satisfy the condition 

\9 £ if{u)\ < C < oo. 



Remark. The definition of the operator M(x) depends on the definition 
of the potential Rq. Namely, if QRo = II — 7, as we defined, then M(x) := 
M(x)-M. If we'd define QR = 1-11, then we'd have B(x) := B-B(x). 

Let us now regard an average evolutionary system 

dut/dt = b(u t ),uo = u. (4) 

Our aim is to prove a weak convergence of the stochastic evolutionary 
system (1) to the average evolutionary system (4). To do this, we should 
show that the conditions C1-C4 of the Theorem are satisfied. As we 
showed, the conditions CI, C2 are true due to the solution of singularly 
perturbation problem for the evolutionary system. Thus, we are going 
to verify C3, C4. 

Following [4] we demand from the function b(u; x) to satisfy the the 
following conditions: 

I (linear growth) 

\b(u;x)\ < L(l + \u\), 

II (Lipschitz continuity) 

\b(u; x) — b(u'; x)\ < C\u — u'\. 

To prove the main result we need the following lemma. 
Lemma. Under the assumption I there exists a constant k > 0, 
independent of e and dependent on T: 

Esup \u £ t \ 2 < k T . 

t<T 

Corollary, (follows from Chebyshev's inequality) Under the assumption 
I compact containment condition (CCC) holds: 

lim sup P{sup \u £ t \ > c} = 0. 

Proof of Lemma: (follows [4]) Let us rewrite the equation (1) in the 
form: 

t 

u £ t = u + J b(u £ s ]se(s/£))ds =: u + A\. 
o 
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If we put u* t = sup \ut\, then 



s<t 

((u~yY<2[u 2 + ((Al)')\ (6) 
The condition I implies that 



t 



The last inequality with (6) and Cochy-Bounikovsky inequality ([J^ (f(s)ds} 2 < 
t Jq (p 2 (s)ds) implies, with some constants k\ and independent of e, 
that 



E(«)*) 2 < h + k 2 J m<r) 2 ds, 



o 

for t < T. 

By Gronwall-Bellman inequality we obtain 

E(«)*) 2 < hexp{k 2 T). 

Lemma is proved. 

Remark. Another way to prove CCC is proposed in [1, Theorem 8.10] 
and used by other authors [2,3]. They use the function (f(u) = y/l + u 2 
and prove corollary for <p(uf) by applying the martingale characterization 
of the Markov process. 

This may be easily done, due to specific properties of tp(u). 

The main result of our work is the following. 

Proposition. Under the conditions I, II 

P — limsup \u £ t — u t \ = 0. (5) 

Proof of Proposition: As we mentioned, to prove the Proposition we 
should verify the conditions C3, C4 of the Theorem. 

Remark. Condition C3 of the Theorem means that the quadratic 
characteristics of the martingale, corresponding to a coupled Markov 
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process, is relatively compact. The same result follows from the CCC 

(see Corollary) by [6]. 

Thus, the condition C3 follows from the Corollary 

As soon as u £ Q = uq = u, we see from the Lemma that the condition 

C4 follows from I, II. 

Thus, all the conditions of the Theorem 6.3 [1] are satisfied, so (5) is 

true. 

Proposition is proved. 

Remark. To compare the results obtained in this work and in the 
work [4], we should note that R.Liptser uses the following scheme: he 
first applies the conditions I, II to obtain the result of Lemma 1, and 
CCC follows from this Lemma. We also apply the conditions I, II to 
obtain Lemma 1 and CCC. 

Then, by [4], the necessary weak convergence is obtained by the use 
of ergodic theorem. But we, on the contrary, use singularly perturbation 
problem, and so the weak convergence follows from the conditions CI, C2. 

Similar method is used by A.V.Skorokhod in [7,8]. But his condition 
of weak convergence looks like existence of a generator, equivalent to 
our B, that corresponds to a functional of the process. This generator 
should approximate the functional's surplus. 

Another method is used in [2]. Here a well-known conditions of compact- 
ness are applied to the family of the processes studied. Then the weak 
convergence follows from compactness and convergence at a "good "class 
of test-functions. 

In [3,5] similar conditions of compactness are used for a family of 
processes. Then a submartingale, corresponding to the family of processes 
is constructed. The weak convergence follows then from the compactness 
and uniqueness of the solution of martingale problem. 
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